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1. The Caccetta-HIggkvist conjecture 
A cage is a smallest regular graph of specified degree and girth. If the degree is d 
and the girth g, such a graph is called a (d,g)-cage. By considering a breadth-first 
search tree, the number n of vertices in a (d,g)-cage is easily seen to satisfy the lower 
bound 
n3 
i 
(2(d - l)k - 2)/(d - 2) if g = 2k, 
(0!(d-l)~-2)/(d-2) ifg=2k+l. 
For 935, equality is attained only rarely. For instance, when g = 5, only three such 
graphs are known (of degrees d = 2,3,7); moreover, any further candidate must be ol 
degree 57. The methods used to study cages are primarily algebraic (see, for example., 
the survey by Wong [21]). 
The situation with regard to directed graphs is quite different. For simplicity, th(, 
digraphs \ve consider here contain no circuits qf length less than three (directed 01 
otherwise). We call a digraph d-regular of girth g if each vertex has in-degree and 
out-degree d and if the shortest directed circuit is of length g. A directed (d,g)-cugc 
is thus a smallest d-regular digraph of girth g. 
As before, there is a rather simple bound for the number n of vertices in such 
a digraph. However, this time it is an upper bound, provided by the d-regular digraph 
?,“, the dth power of the directed circuit ?,,. If n = (g - 1)d + 1, r?‘f has girth y., 
yielding the bound 
nb(g- l)d+l. 
Behzad et al. [l] conjectured that equality holds. An equivalent formulation of their 
conjecture is as follows. 
Conjecture 1. Let D be a d-regular digraph on n vertices. Then the girth of D is a‘[ 
most [n/d]. 
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Caccetta and Hlggkvist [4] proposed a generalization of this conjecture, requiring 
merely a lower bound on the out-degrees of D. 
Conjecture 2. Let D be a digraph on n vertices in which each vertex is of out-degree 
at least d. Then the girth of D is at most Ln/d]. 
Remark. A digraph in which each vertex is of out-degree at least d contains a spanning 
subgraph in which each vertex is of out-degree exactly d, so the qualification ‘at least’ 
in the statement of the Caccetta-Haggkvist conjecture is superfluous. 
This conjecture is more amenable to inductive arguments, and has been verified in 
several particular cases: d = 1 (trivial), d = 2 [4], d = 3 [ll], d = 4,5 [12]. For 
arbitrary values of d, Chvital and Szemeredi [5] established the bound n/d + 2500. 
Nishimura [17] refined their proof, reducing the additive constant from 2500 to 304. 
These results are asymptotically best possible for d = o(n). However, they are far from 
tight when d = [ml with c 3 0. In this paper, we discuss the case c = i. By a triangle 
we shall mean a directed triangle. This instance of the Caccetta-Hlggkvist conjecture 
can thus be rephrased as: 
Conjecture 3. Any digraph on n vertices in which each vertex is of out-degree [n/31 
contains a triangle. 
It is rather surprising that this special case is still open. Short of proving the conjec- 
ture (and we do not), one may seek as small a value of c as possible such that every 
digraph on n vertices with minimum out-degree at least cn contains a triangle. This was 
the strategy of Caccetta and Hlggkvist [4], who obtained the value c = (3 - 6)/2 M 
0.382 by a simple inductive argument. A similar (but less simple) method was used by 
de Graaf et al. [lo] to prove that any digraph on n vertices with minimum in-degree 
and minimum out-degree at least cn, where c = 4(20-4fi+7&-3~%-’ M 0.349, 
contains a triangle (thereby strengthening and extending a bound for regular digraphs 
found by Li and Brualdi [ 131). 
Our purpose here is to introduce a new approach to these questions, in which count- 
ing arguments are employed rather than inductive methods. This approach leads to the 
bound 
2A - 3 Rz 0 379. c=- . 
5 
While this represents only a marginal improvement on the bound of Caccetta and 
Haggkvist [4], our feeling is that a more inspired use of counting arguments might 
well lead to a substantially better bound or perhaps to a proof of the conjecture. 
2. Counting subgraphs 
We illustrate our strategy by recalling first the analysis of triangles in undirected 
graphs by Goodman [8]. Let G be a simple undirected graph. The 3-vertex subgraphs 
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Fig. 1. The 3-vertex graphs 
of G are of four possible types, as shown in Fig. 1. We can express the numbers X, 
of subgraphs of G of type i, 1 <i<4, in terms of its number n of vertices, its number 
m of edges, and the degrees d(u), z) E V, of its vertices. We can also express these 
numbers in terms of the numbers Xi of induced subgraphs of type i, 1 < i < 4. Equating 
the two, one obtains the following linear system: 
t-l 
xi+ x2+ x3+ x4 = 0 3 ’ 
X2+ 2X3+ 3X4 = m(n - 2), 
x3+ 3x4 = 
Solving for x2, we have 
x2 = m(n - 2) - 2 c 
( > 
$J) + 3x4. 
UEV 
(1) 
Suppose, now, that G is triangle-free, so that x4 = 0. Since x2 BO, Eq. (1) yields 
m(n-2)>2 1 dl”’ . 
GE v ( > 
By the Cauchy-Schwartz inequality, 
= Cd(u)’ - =j$(u)>L 
n 
UEV ctV 
Thus, 
2 
m(n-2)ae -2m 
n 
or, equivalently, 
One thereby obtains Mantel’s theorem [16], the triangle case of Turk’s theorem [20]. 
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Remarks. (1) As observed by Goodman [8], the above system also yields the 
equation 
n 
Xl +x4 = 0 3 -m(n-2)+X $$ . VEV ( > 
In other words, the number of unicoloured triangles in a 2-edge-coloured complete 
graph K, depends only on the degrees of the complementary subgraphs defined by 
the two colours. Giraud [6,7] has carried out similar but far more intricate anal- 
yses of the number of unicoloured Kd’s in a 2-edge-coloured complete graph, and 
also the number of tricoloured triangles in a 3-edge-coloured complete graph (see, 
also, [9]). 
(2) Equation (l), together with the nonnegativity of x2, yields a lower bound on the 
number of triangles: 
4mk n2 
x4>-, 
3n 
where k := m - 4. 
This bound is not best possible, and one is led to ask whether the tight bound of 
kln/2J, a result of Lovbz and Simonovits [14,15] (see [2, pp. 302-3031) valid for 
k < n/2, can be derived from the linear system of 4-vertex graphs. 
Let us now apply the same approach to directed graphs. Consider a digraph D 
on n vertices with no directed triangle. We suppose that each vertex vi of D has 
out-degree d, and we denote by di the in-degree of vi, 1 <i <n. There are six possible 
types of induced 3-vertex subgraph of D, shown in Fig. 2. Denoting their numbers by 
yi, 1 d i 66, we derive a system of five equations: 
Yl+ y2+ y3+ Y4+ ys+ y6 = ; , 
0 
Y2+ 2y3+ 2y4+ 2ys+ 3ys = n(n _ 2)d, 
Y3 + Y6 =n 
Y4 + Y6 = nd2, 
n di 
Ys+ YG =c 2 . 
i=l 0 
We solve these equations in terms of y6, the number of transitive triangles, yielding 
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Fig. 2. The 3-vertex digraphs 
- n(n 2)d - + n + nd* +-& 0 “; - Yh: 
i=l 
y2 = n(n - 2)d - 2n -2nd* -2 2 0 ; f 3Y6, 
1=1 
d 
Y3 = n 0 2 - y6> 
~4 = nd2 - y6, 
- y6. 
Since yf30, 161’66, and C:=, (2) an(i), we have 
d n d, o<y2+3y3=il(n-2)d+Tl 2 --2nd2-2x 2 0 1=1 0 
< n(n - 2)d - 2nd* - n 
d 
0 
nd(2n - 3 - 5d) 
= 
2 2 ) 
yielding the bound d < (2n - 3)/.5. 
In order to sharpen this bound, we consider induced 4-vertex subgraphs. There are 
now 32 possibilities, as depicted in Fig. 3, and one obtains the system AZ = b of 
32 equations in 32 variables zi, 1 <i632, shown in Fig. 4; here, zi is the number 
of induced subgraphs of type i, di the in-degree of vertex i, and t the number of 
transitive triangles. (We set b, :=? if the number of 4-vertex subgraphs of type i 
is not expressible in terms of the above parameters.) To handle this system, we set 
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d = di = cn (since Cd, = nd and every function of the di’s is convex), we replace 
each equation involving di by the appropriate inequality, and we replace each right- 
hand side f(n,c) by limn+oo f(n,c)/(z). Noting that C ($) = 0(n3) and t = 0(n3), 
we set z := lim .,,,nt/($ and obtain the system of linear constraints whose right-hand 
sides are given by the vector 6’ shown in Fig. 4. The variable zi now represents the 
proportion of induced subgraphs of type i. The goal is to find a feasible solution to 
the resulting system of linear inequalities which maximizes c subject to nonnegativity 
constraints on the variables. Denoting by Zi the left-hand side of inequality i, one 
thereby obtains the inequality 
o d z2 + 423 + Z4 + Z5 + Z6 + 229 + Zi,, + 3212 + 3213 + 3214 + 217 + 22,~ + Zzo 
+Z21 + 3222 + 4223 + 4224 + 2226 + Z29 + 2230 + ~31 
=Z2+2~3-24-Z;-_zg-zg+Z10 
d 12~ + 24c2 - 24c2 - 12c2 - 12c2 - 24c3 + 4c3 = 4‘,(3 - fjc - @), 
yielding the bound c6(2v% - 3)/5 z 0.379. 
3. Directed cages? 
Assuming the truth of the Behzad-Char&and-Wall conjecture, what do the directed 
cages look like, and what are their characteristics? As noted by Behzad et al. [l], the 
digraph c&-l)d+l is d-regular of girth g, and would thus be a directed (d,g)-cage. 
Further examples may be obtained by taking lexicographic products. 
Let D1 and 02 be two digraphs. The lexicographic product of D1 with 02 is the 
digraph D := Dl[D2], with vertex set V(D) := V(D1) x V(D2) and edge set 
E(D) := {((~I,u~),(u~,uz)): (~1~01) E E(Di) or UI = ui and (UQ) E E(D2)). 
We define %g to be the family of digraphs derivable from {?&,I)d+l : d 3 l} by taking 
arbitrary lexicographic products. 
Proposition 1. For D E gq, 
(1) II := v(D) E I(modg - 1); 
(2) D is regular of degree d := (n - 1 )/(g - 1); 
(3) D has girth g. 
In the special case g = 4, one can say a little more. 
Proposition 2. For D E 94, z12 = 213 = z14 = 217 = ~21 = 222 = 0, where zi denotes 
the number of induced subgraphs of type i as depicted in Fig. 3. 
These facts are easily derived by induction. The latter proposition might be of use 
as a guide in seeking further constraints on the quantities zi. 
J.A. Bondyl Discrete Mathematics 1651166 11997) 7140 
4. Related conjectures 
79 
The conjectures of Behzad et al. [l] and Caccetta and Hlggkvist [4] involve relation- 
ships between various parameters of digraphs: the girth, the degrees, and the number 
of vertices. Attempts to understand the structural underpinnings of these apparent rela- 
tionships have led to a number of stronger conjectures, which we note here. The first, 
due to Hoang and Reed [12], would imply the Caccetta-Haggkvist conjecture. 
Conjecture 4. Let D be a digraph in which each vertex is of out-degree at least d. 
Then D contains d directed circuits C,, 1 < i<d, such that C, meets U:z,’ C, in at 
most one vertex, 1 <j d d. 
Seymour [ 191 proposed a still stronger conjecture. Call a vertex v separutiny if there 
exist d := d+(v) directed circuits C’i, 1 <i<d, such that C, n Cj = {u}, 1 <i < jdd. 
Conjecture 5. Every digraph has a separating vertex. 
A second conjecture put forward by Seymour [19] would imply the case d = [n/31 
of the Behzad-Char&and-Wall conjecture. Denote by N+(v) the set of outneighbours 
of vertex v, and by N++(v) the set N+(N+(v))\N+(zJ) of second outneighbours of 1’. 
Conjecture 6. Every digraph has a vertex 1: such that IN++(c)1 3 IN+(c)l. 
Finally, we mention a conjecture of Schrijver and Seymour [ 181 shown 
be equivalent to the case d = [a/31 of the Caccetta-Haggkvist conjecture. 
by them to 
Conjecture 7. Every digraph of girth at least four admits a nonnegative weighting 
w : V 4 !R+ such that 
c w(v) = 1 and 1 w(r) < f for all u E V. 
L’E 1’ EN+(u) 
5. Conclusion 
The potential of counting techniques in extremal problems such as the one treated 
here appears to be considerable. The main difficulty lies, of course, in determining 
what to count, just as with induction the challenge is to find the appropriate induction 
hypothesis. Induction has proved to be a powerful technique of wide applicability in 
combinatorics. Counting arguments, too, have achieved remarkable results (see, for 
instance, the author’s survey of counting techniques in graph theory [3]). Counting is 
a deceptively simple tool which could well be used to advantage in many situations. 
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